Benchmarking a Teleportation Protocol realized in Superconducting Circuits 
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Teleportation of a quantum state may be used for distributing entanglement between distant 
qubits in quantum communication and for quantum computation. Here we demonstrate the imple- 
mentation of a teleportation protocol, up to the single-shot measurement step, with superconducting 
qubits coupled to a microwave resonator. Using full quantum state tomography and evaluating an 
entanglement witness, we show that the protocol generates a genuine tripartite entangled state of 
all three-qubits. Calculating the projection of the measured density matrix onto the basis states of 
two qubits allows us to reconstruct the teleported state. Repeating this procedure for a complete 
set of input states we find an average output state fidelity of I 



Quantum teleportation achieves the transfer of a quan- 
tum state from one physical location to another, even if 
the sender has no knowledge about both the state to 
be teleported and the location of the receiver pQ. In 
addition to its use in quantum communication [2J, for 
example in context of quantum repeaters [3J, quantum 
teleportation also plays an important role in quantum 
information processing. For instance, it has been shown 
that gate teleportation in combination with single qubit 
operations enables universal and fault-tolerant quantum 
computation [H|S] in a way closely related to cluster state 
quantum computation [5] which can be understood in a 
unified conceptual framework [THS] . Due to the stringent 
requirements on the control and read-out fidelity achiev- 
able for the multi qubit quantum system, teleportation 
has so far only been experimentally realized in micro- 
scopic degrees of freedom with single photon [TURTS] or 
continuous variable states [HI [TS] and, more recently, 
with ions [T6HT9] . Early experiments have also been per- 
formed with spins by use of nuclear magnetic resonance 
technique [2D] , 

Rapid progress towards increasing the fidelity of con- 
trol and read-out operations has also been made in 
macroscopic systems, such as superconducting circuits. 
Recently, single qubit operations have been carried out 
with fidelities of up to 99% [2T] and two-qubit entan- 
gled states have been generated with fidelities of up to 
95% [22j[23]. Two-qubit algorithms, such as the Deutsch 
Jozsa and Grover search algorithm, have been demon- 
strated [22J[23] and tripartite entangled states (GHZ and 
W) have been realized [251 HE] ■ 

Here, we demonstrate a scheme to fully characterize 
the operation of a teleportation circuit, without making 
use of single shot read-out [27] or real-time feed-back [25J , 
both of which are challenging to realize simultaneously in 
a three-qubit superconducting quantum processor at the 
current state of the art. Even without explicitly realizing 
these steps, which will be essential in future applications, 
our benchmarking process is able to provide crucial infor- 
mation on the operation and fidelity of the teleportation 



process up to the measurement step and thus presents an 
important achievement towards making use of teleporta- 
tion in quantum processors realized in superconducting 
circuits. 

In the standard protocol, teleportation is performed 
using non-local quantum correlations combined with clas- 
sical communication. In this scheme (see Fig. [Ik)) the 
sender is in possession of qubit A in an arbitrary state 
\ipA)- In the first step (I), a maximally entangled pair is 
generated, e.g. using a Hadamard (H) gate followed by 
a controlled-not (CNOT) gate, and shared between the 
sender (qubit B) and the receiver (qubit C). In the sec- 
ond step (II) the sender applies a CNOT gate on his two 
qubits followed by a H gate on qubit A generating an en- 
tangled three-qubit state |$). In step III, the sender per- 
forms a measurement on his two qubits, which combined 
with step II is equivalent to a measurement performed 
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FIG. 1. a) Circuit diagram of the standard protocol to tele- 
port the state \ipA) of qubit A to qubit C. Here, H is the 
Hadamard gate, Z and X are the Pauli matrices a z and o x . 
The CNOT gate is represented by a vertical line between the 
control qubit (•) and the target qubit (©). b) The circuit 
implemented in this experiment with controlled phase gates, 
indicated by vertical lines between the relevant qubits (•), 
and single qubit rotations R e h of angle about the axis n. 



in the Bell basis. He then sends the digital results to 
the receiver over a classical communication channel. De- 
pending on these results, the receiver applies one of four 
unitary operations to his qubit to transform the state 
\ipc) of qubit C into the state \i[>a), completing the tele- 
portation. 

In our approach using superconducting qubits we re- 
alize steps I and II by combining single qubit rotations 
and two-qubit controlled phase gates, as illustrated in 
Fig. [I]}) , to create the entangled state 

I*) = g {\°aOb) <8> \>l>c) + \0a1b) <8> (-<r x )|Vc) (1) 

+ lUOfl) <g> (-a z )\tpc) + |Uls) <8> (-*o- y )|^o>} ■ 

In this notation, it becomes clear that a measurement of 
qubits A and B collapses qubit C onto one of four pos- 
sible states. If the measurement outcome is 00, 01, 10, 
or 11, qubit C is projected to the states \tpc), —Cx\4>c), 
—o'zH'c) or —ia y \^pc), respectively. Instead of perform- 
ing single qubit measurements on qubits A and B in step 
III, we analyze the three-qubit entangled state |$) with 
full quantum state tomography and reconstruct the tele- 
ported state by calculating the projection of qubits A 
and B onto the basis states |0a0_b), lO^ls), |1a0s) and 
| 1a Is). We then characterize the transfer of the input 
state \ipA) to qubit C by performing process tomogra- 
phy conditioned on the projection onto the basis states 
of qubits A and B. 

An optical microscope image of our sample consisting 
of three transmon qubits (A,B,C) [25] dispersively cou- 
pled to a microwave transmission line resonator is shown 
in Fig. [2] combined with the corresponding lumped el- 
ement circuit diagram. The resonator has a bare reso- 
nance frequency of v t = 8.625 GHz and a quality factor 
of 3300. It acts as a coupling bus [3U] between the qubits 
and allows to perform joint three-qubit readout by mea- 
suring its transmission [31 . The qubits have a slightly 
anharmonic ladder-type energy level structure. The first 
two levels are used as the computational qubit states 
|0) and |1), while the second excited state |2) is used 
to perform two-qubit operations. For optimal coherence, 
we designed qubits with maximal transition frequencies 
smaller than v x and anharmonicities big enough to ad- 
dress the first excited state without exciting higher states. 
From spectroscopy we extract the maximum transition 
frequencies i/£f c = {6.714, 6.050, 4.999} GHz, charging 
energies E c /h = {0.264, 0.296, 0.307} GHz and coupling 
strength to the resonator g/2n = {0.36, 0.30, 0.34} GHz. 
To maximize coherence, we independently tune each 
qubit transition frequency to i/ max using superconduct- 
ing coils mounted underneath the chip. At this opti- 
mal bias point, we find energy relaxation times T\ = 
{0.55, 0.70, 1.10} /is and phase coherence times T 2 * = 
{0.45, 0.60, 0.65} /us. 

With two local control lines at each qubit, shown 
in Fig. ^p), we perform arbitrary single qubit opera- 



tions with fidelity greater than 98% [31]. Resonant 
microwave pulses applied to the open-ended transmis- 
sion line realize single-qubit rotations about the x and y 
axis [53]. Nanosecond time-scale current pulses applied 
to the transmission line passing by the SQUID loop con- 
trol the qubit transition frequency realizing z-rotations. 

The controlled phase (C-Phase) gate is implemented 
using the avoided level crossing between |11) and 
1 20) [33]. A fast magnetic flux pulse first shifts |11) 
non-adiabatically into resonance with |20). The sys- 
tem then oscillates between the two states with twice 
the frequency of the cavity mediated transverse coupling 
strength of Jy^o = 36 MHz (between qubits A and B) 
and Jxxiq = 23 MHz (between qubits B and C). After 
an interaction time t = 27r/2Jii ] 2o, the system returns 
to the initial state |11) with an additional phase factor 
-1. No conditional phase is picked up by the other ba- 
sis states 1 00), |01) or 1 10) . Dynamic single qubit phases 
are canceled by adjusting the rotation axes of all sub- 
sequent single qubit operations appropriately. The full 
two-qubit gates between A and B, and between B and C 
are completed in 14 ns and 22 ns, respectively. 

We characterize the teleportation process realized ac- 
cording to the circuit diagram in Fig. flp) with full quan- 
tum state tomography using joint read-out [31] for a 
complete set of input basis states |^u) — {|CU), I 1a), 
\-a), \+a)}- Here, \- A ) = (|0a) - *|U»/V2 and 
\+a) = (|0a) + |U))/\/2- In Fig. [3J1 we show the mea- 
sured density matrix p nl = |$ m )($m| of the three qubit 
state |$ m ) generated for the input state |— a) as an ex- 
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FIG. 2. a) Optical microscope image of the sample with three 
qubits coupled to a coplanar wavequide resonator with indi- 
vidual local microwave and magnetic flux-bias lines for each 
qubit. b) and c) show a close up of qubit B. d) Lumped ele- 
ment circuit diagram of the sample and measurement setup. 
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FIG. 3. a) Real and imaginary part of the measured three-qubit density matrix p m when applying the circuit shown in Fig. Ilp) 
to the input state \iPa) = (|0a) — «|1a))/v2- b) Teleported single qubit state at qubit C found by projecting p m from a) onto 
|0a0b) and tracing out qubits A and B. c) Pauli sets for the state shown in a). 



ample. We apply a maximum likelihood method [34] 
to ensure that p m is physical and determine the fidelity 
F = ($|p m |$) = 0.78 with respect to ideal state |$). We 
note that for this particular input state, |<J?) is a clus- 
ter state useful for one way quantum computation [5J. 
For the input states \0a), |1a) and \+a) the fidelities 
are 82%, 79% and 80%, respectively, comparable to the 
best fidelities of three-qubit entangled states realized in 
superconducting qubits so far [35J US]- Also, the mea- 
sured correlations (colored bars) present in p m expressed 
in terms of Pauli sets, displaying the expectation values 
of all nontrivial tensor products P of identity / and Pauli 
operators X, Y, Z for three-qubits, are in good agreement 
with the expected ones (wireframe), see Fig. [3J2). 

Generally, the ideal three-qubit state |$) generated 
by the circuit is tripartite entangled as can be verified 
by calculating the three tangle (residual tangle) defined 
for pure states [35J. Only for |0a) and \1a) the output 
state |$) remains biseparable. To quantify the amount 
of entanglement in the measured state p m , we estimate 
the three tangle T${p) for mixed states via the convex- 
roof extension 36 . The values r 3 (p) = {0.49, 0.52} > 
demonstrate that GHZ-type tripartite entanglement was 
prepared for \4>a) = {|— ), |+)}- If we only want to verify 



that p m contains tripartite entanglement without distin- 
guishing between the GHZ and W class, we can use a 
witness operator VV = al — |$)(<I>| [37.. Here, a is the 
maximal squared overlap of any biseparable state with 
|$), which yields 0.5 for \±a)- For all biseparable states 
we find Tr(Wp) > 0, whereas for the ideal tripartite en- 
tangled state p = |$)(<I>| we find Tr(Wyo) = a — 1. Ac- 
cording to this criterion Tr(W/9 m ) = —0.28 < the mea- 
sured state shown in Fig.|3i) clearly has tripartite entan- 
glement. As derived in [38 , the expectation value of the 
witness operator also directly leads to a lower bound to 
the generalized robustness of entanglement. It measures 
the minimal amount of mixing of p m with an arbitrary 
density matrix a such that p m + sa is separable, for which 
we find s > 0.56. 

To determine the fidelity of the teleportation process 
up to the measurement, we calculate the projection of p m 
onto the four basis states |0a0b), |0^1b), |1^0_b), and 
\1a1b)- The state of qubit C is then reconstructed by 
tracing out qubits A and B and renormalizing the den- 
sity matrix to p c = Tr^ B (P^/9 m P/ J -)/Tr(Pijp m ), where 
Pij are the projectors |mJb)(«aJb| ® I<c- When project- 
ing onto IO^Ob), this state is expected to be identical to 
the input state \i^a)- Fig- [3b) shows pc reconstructed 




FIG. 4. Absolute value of the x-matrix representation for the 
teleportation process which transfers the state of qubit A to 
qubit C for qubit A and B being projected to a) |0a0b), b) 
|0a1b), c) |1a0s) and d) |l^ls). I is the identity matrix, X, 



Y and Z the Pauli matrices <j x 



and u z respectively. 



from the measured data for the input state \—a) with a 
fidelity of 88%. For the other three projections, we find 
the resulting states of qubit C — <J X \— c), — <r z \ — c) and 
— i<J y \— c) with respective fidelities of 82%, 82% and 89%. 

To fully characterize the teleportation circuit, we have 
performed quantum process tomography of the state 
transfer by repeating the procedure described above for 
|0a)> I 1a), I - a), and \+a)- With the known input states 
and the reconstructed state of qubit C after teleportation, 
we calculate the process matrix x of the transfer. The 
extracted matrices Xm clearly demonstrate that the effec- 
tive processes acting on the target qubit during telepor- 
tation are the unitary operations expected from Eq. (flj) , 
see Fig. HI Since the Xm have only small imaginary el- 
ements < 0.07, we display the absolute value of Xm for 
the different calculated projections on qubits A and B to 
emphasize the deviations from the ideal matrices Xt indi- 
cated by wireframes. The corresponding process fidelities 
F p = Tr(x m • Xt) are 82%, 78%, 84%, 87%, yielding 83% 
averaged over all measurement outcomes. The average 
output state fidelity F = (2F p + l)/3 is 88%, 85%, 89%, 
91% for each individual process, and 88% on average. 

In summary, we have benchmarked a teleportation al- 
gorithm by tomographic reconstruction of the three-qubit 
entangled state generated by the circuit up to the single 
qubit measurements. Using an entanglement witness, we 
showed that this state has genuine tripartite entangle- 
ment. We determined the fidelity of the teleported state 
by reducing the density matrix with projection and find 
a high average output state fidelity suggesting that full 
teleportation above the classical limit of F = 2/3 is likely 
to become possible in the near future with superconduct- 
ing qubits by combining our setup with a high fidelity 
single shot readout, e.g. with Josephson bifurcation [27] 



or parametric amplifiers [39 , and feedback [55] . 
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